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Abstract
The examples of a Ricci-flat of four-dimensional spaces with a Walker metric
ds
2 = −2ΨiΓ
i
jkdx
i
dx
k + 2dxldΨl (1)
and their generalizations are constructed.
The properties of corresponding geodesic equations are discussed.
1 A Ricci-flat of a Walker space dependent from arbitrary
function
The properties of the of Walker metrics of the form
ds2 =
1
2
(
z
∂
∂y
φ(x, y) + t
∂
∂x
φ(x, y)
)
dx 2 +
(
z
∂
∂x
φ(x, y) + t
∂
∂y
φ(x, y)
)
dx dy+
+2 dx dz +
1
2
(
z
∂
∂y
φ(x, y) + t
∂
∂x
φ(x, y)
)
dy2 + 2 dy dt , (2)
where φ(x, y) is arbitrary function are considered.
Theorem 1. Four dimensional space in local coordinates x, y, z, t endowed with a metric (2)
is a Ricci-flat
Rij = 0.
The proof is checked by direct calculations.
The Riemann tensor of the metric (2) has the components
Rxyyt=1/4
∂2
∂x2
φ(x, y)− 1/4
∂2
∂y2
φ(x, y), Rxyxz=1/4
∂2
∂x2
φ(x, y)− 1/4
∂2
∂y2
φ(x, y),
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Rxyxy=z/4
(
∂M(x, y)
∂y
+1/2
∂φ(x, y)
∂x
M(x, y)
)
−t/4
(
∂M(x, y)
∂x
+1/2
∂φ(x, y)
∂y
M(x, y)
)
,
where
M(x, y) =
∂2φ(x, y)
∂x2
−
∂2φ(x, y)
∂y2
,
so corresponding space is a curved space.
The geodesic of the metric are decomposed into two independent group of equations.
The first one is
d2x
ds2
−1/4
∂
∂y
φ(x, y)
(
dx
ds
)2
−1/2
∂
∂x
φ(x, y)
(
dx
ds
)
dy
ds
−1/4
∂
∂y
φ(x, y)
(
dy
ds
)2
=0,
d2y
ds2
−1/4
∂
∂x
φ(x, y)
(
dx
ds
)2
−1/2
∂
∂y
φ(x, y)
(
dx
ds
)
dy
ds
−1/4
∂
∂x
φ(x, y)
(
dy
ds
)2
=0.
They do not contain the coordinates (z, t) and are equivalent the second order ODE
d2y
dx2
+1/4
(
∂
∂y
φ(x, y)
dy
dx
+
∂
∂x
φ(x, y)
)(dy
dx
)2
− 1

 =0
with arbitrary function φ(x, y).
The equation for coordinates (z, t) are the linear system of equations with variable coefficients
dependent from the coordinates x(s) and y(s) and their derivatives on the parameter s.
2 A Walker the Ricci-flat spaces defined by Wilczynski-
Tzitzeika equation
Wilczynski-Tzitzeika equation
∂2
∂x∂y
φ(x, y) = 4 e2φ(x,y) − e−φ(x,y) (3)
is appeared in context of geometry of a Riemann extensions of the spaces defined by the system of
equations
x¨− a3(x, y)(x˙)
2 − 2a2(x, y)x˙y˙ − a1(x, y)(y˙)
2 = 0,
y¨ + a4(x, y)(x˙)
2 + 2a3(x, y)x˙y˙ + a2(x, y)(y˙)
2 = 0
with arbitrary coefficients ai(x, y).
Corresponding metric of four-dimensional Walker space is given by the expression
ds2 = 2(za3(x, y)− ta4(x, y))dx
2 + 4(za2(x, y)− ta3(x, y))dxdy+
+2(za1(x, y)− ta2(x, y))dy
2 + 2dxdz + 2dydt (4)
where the coefficients ai(x, y) are
a1(x, y) = 2 exp(φ(x, y)), a4(x, y) = −2 exp(φ(x, y)),
2
3a2(x, y) = −
∂
∂y
φ(x, y), 3a3(x, y) =
∂
∂x
φ(x, y). (5)
A Ricci-tensor of the metric (4) has the components
R11 = 2(a2y − a1x + 2(a1a3 − a
2
2)), R12 = 2(a3y − a2x + a1a4 − a2a3)
R22 = 2(a4y − a3x + 2(a2a4 − a
2
3)).
Proposition1. At the conditions (5) and (3) a Ricci-tensor and a Riemann-tensor of the
metric (4) are vanish, and so the metric is a flat.
For construction of a Ricci-flat but non a flat Rijkl 6= 0 metric defined by the solutions of the
equation (3) the metric conformal (3) with additional term V (x, y) is introduced
ds2 =
(2 za3 (x, y)− 2 ta4 (x, y)) dx
2 + 2 (2 za2 (x, y)− 2 ta3 (x, y) + 2 V (x, y)) dx dy
(U(x, y))2
+
+
2 dx dz + (2 za1 (x, y)− 2 ta2 (x, y)) dy
2 + 2 dy dt
(U(x, y))2
. (6)
Theorem 2. At the conditions (5) and (3) the metric (6) is a Ricci-flat
Rij = 0
(but non a flat Rijkl 6= 0), if the function U(x, y) is solution of compatible system of equations
∂2
∂y2
U(x, y) =
=

1/3 ∂2
∂y2
φ(x, y) + 2/9
(
∂
∂y
φ(x, y)
)2
+ 2/3
(
∂
∂x
φ(x, y)
)
eφ(x,y)

U(x, y)−
−1/3
(
∂
∂y
φ(x, y)
)
∂
∂y
U(x, y)− 2 eφ(x,y)
∂
∂x
U(x, y),
∂2
∂x∂y
U(x, y) =
=
(
2/3 e−φ(x,y) − 1/9
(
∂
∂x
φ(x, y)
)
∂
∂y
φ(x, y) + 4/3 e2φ(x,y)
)
U(x, y)+
+1/3
(
∂
∂y
φ(x, y)
)
∂
∂x
U(x, y) + 1/3
(
∂
∂x
φ(x, y)
)
∂
∂y
U(x, y),
∂2
∂x2
U(x, y) =
=

1/3 ∂2
∂x2
φ(x, y) + 2/9
(
∂
∂x
φ(x, y)
)2
+ 2/3
(
∂
∂y
φ(x, y)
)
eφ(x,y)

U(x, y)−
−1/3
(
∂
∂x
φ(x, y)
)
∂
∂x
U(x, y)− 2 eφ(x,y)
∂
∂y
U(x, y).
The function V (x, y) in so doing is arbitrary.
3
The proof of theorem is checked by direct calculations.
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